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a b s t r a c t
J.A. Gallian has proved [J.A. Gallian, Labeling prisms and prism related graphs, Congr.
Numer. 59 (1987) 89–100] that every cubic graphM2k obtainable from a 2k-cycle by adding
its k diameters (the so-calledMoebius Ladder of order 2k) is graceful. Here, in the case of k
even, we propose a new graceful labeling that besides being simpler than Gallian’s one is
able to give, at the same time, a graceful labeling of the prism of order 2k. Most importantly
in the case of k odd, namely in the bipartite case, we prove that M2k also admits an
α-labeling. This implies that there exists a cyclic decomposition of the complete graph
K6kt+1 into copies ofM2k for every pair of positive integers k and t with k odd.
In some cases we are able to give such decompositions also when k is even. Apart from
the case of t = 1 that is an obvious consequence of the gracefulness of M2k, this happens,
for instance, when k ≡ 2 (mod 4) and 6kt + 1 is a prime.
© 2009 Elsevier B.V. All rights reserved.
1. Introduction
We assume familiarity with the basic concepts about graphs.
We recall that the ladder graph of order 2k, denoted by L2k, can be seen as the cartesian product of the path P2 = (0 ∼ 1)
of length 1 by the path Pk = (0 ∼ 1 ∼ · · · ∼ k− 1) of length k− 1.
It is clear that the prism graph of order 2k, denoted by T2k, can be obtained from L2k by adding the two edges (0, 0)(0, k−1)
and (1, 0)(1, k− 1).
The Moebius ladder graph of order 2k, denoted by M2k and firstly studied by Guy and Harary [15], is obtainable from L2k
in a similar way; this time we have to add the two edges (0, 0)(1, k− 1) and (0, k− 1)(1, 0).
In Fig. 1, for example, we have the ladder graph, the prism graph and the Moebius ladder graph of order 10.
Note thatM2k can be also seen as the cubic graph obtainable from the 2k-cycle (0, 1, . . . , 2k−1) by adding its k diameters
that are called the rungs ofM2k. In other words,M2k is the circulant graph C(2k, {1,−1, k}), namely the graphwhose vertices
are the elements of Z2k and where two vertices are adjacent if and only if their difference (modulo 2k) lies in the set
{1,−1, k}.
The figures in Fig. 2 are two representations ofM10. In the first one we label the vertices as in Fig. 1, while in the second
one we seeM10 as the circulant graph C(10, {1,−1, 5}).
It is clear thatM4 is the complete graph K4 and thatM6 is the complete bipartite graph K3,3. We also observe thatM2k is
bipartite if and only if k is odd and that the number of its edges is 3k.
Given a subgraph Γ of a graph K , a Γ -decomposition of K is a set of graphs (blocks) isomorphic to Γ and partitioning the
edge set of K . It is cyclic when it is invariant under a cyclic permutation of all vertices of K . In the case that K = Kv one also
speaks of a Γ -system of order v. The problem of establishing the set of values of v for which such a system exists is in general
quite difficult. For a survey on graph decompositions we refer to [3].
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Fig. 1. L10 , T10 andM10 .
Fig. 2. Two representations ofM10 .
Fig. 3. L12 .
In this paper we give partial answers about the existence of cyclic Moebius ladder systems. Of course we will always
assume that k ≥ 3 since, having observed that M4 = K4, studying the case of k = 2 corresponds to studying cyclic Steiner
2-designs of block size 4. For this case we refer to [1,4,6].
The concept of a graceful labeling of Γ introduced by Rosa [18] is quite related to the existence problem for cyclic
Γ -systems. This is an injective map φ from V (Γ ) to the set of integers {0, 1, 2, . . . , |E(Γ )|} such that the corresponding
map φˆ : vw ∈ E(Γ ) −→ |φ(v)− φ(w)| ∈ {1, 2, . . . , |E(Γ )|} is a bijection.
In the case that Γ is bipartite and φ has the additional property that its maximum value on one of the two bipartite sets
does not reach its minimum value on the other one, one says that φ is an α-labeling.
Every graceful labeling of Γ gives rise to a cyclic Γ -system of order 2|E(Γ )| + 1 but an α-labeling of Γ gives much
more; it gives in fact a cyclic Γ -system of order 2|E(Γ )|t + 1 for every positive integer t (see [18]) and other kinds of graph
decompositions such as, for instance, a bicyclic Γ -decomposition of K2×|E(Γ )| (see [11]) and a cyclic Γ -decomposition of
Km×|E(Γ )| for every odd integerm coprime with |E(Γ )| (see [5]).
The graph Γ is said to be graceful if there exists a graceful labeling of it. We will also speak of an α-graceful graph for
saying, briefly, that Γ is a bipartite graph admitting an α-labeling. For a very rich survey on graceful labelings we refer
to [13].
The ladder graph L2k is clearly bipartite with bipartite sets A0, A1 where Ah is the set of pairs (i, j) ∈ {0, 1} × {0, 1, . . . ,
k − 1} such that i + j has the same parity as h. Thus it makes sense to ask whether L2k is α-graceful. The answer is easily
affirmative; for instance, a very simple α-labeling, proposed by the author, is given by the map φ defined by
φ(i, j) =
{
j if (i, j) ∈ A0
3k− 2j− 2 if (i, j) ∈ A1.
For example, Fig. 3 shows the α-labeling provided by the previous construction for the ladder graph L12.
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We remark, however, that the α-gracefulness of L2k can be deduced from a result by Maheo [17]. She proved in fact that
L2k is strongly graceful, a powerful concept that we do not need in this paper.
The gracefulness and α-gracefulness of the prisms T4n+2 and T4n, respectively, have been established by Frucht and
Gallian [12].
In [14] Gallian has also proved that everyMoebius ladderM2k is graceful but he does notmentionwhether it is α-graceful
in the bipartite case, namely when k is odd. In the next section we will be able to answer affirmatively this question. Hence,
for what seen above, we deduce the existence of a cyclicM4n+2-system of order v = (12n+ 6)t + 1 for every integer t . For
completeness we also propose a new graceful labeling for the case of k even that is a little bit simpler than Gallian’s one. Our
graceful labeling has the surprising property that a slight modification of it gives a graceful labeling of T2k.
In Section 3 we give a construction forM2k-systems of order a prime p ≡ 1 (mod 6k) by exploiting the field structure of
Zp. As main result of that section we will show that our construction always succeeds in the case that 4 does not divide k.
In this way we have a cyclicM8n+4-system of order p for any prime p = (24n+ 12)t + 1.
In Section 4 the previous results are assembled together for getting some composition constructions.
2. On gracefulness and α-gracefulness of Moebius ladders
Throughout this section given two integers a and b, by [a, b]we denote the set of integers x such that a ≤ x ≤ b.
Theorem 2.1. The Moebius ladder M2k is α-graceful for every odd integer k ≥ 3.
Proof. Assume that k is odd and let us see the Moebius LadderM2k as the circulant graph C(2k, {1,−1, k}). In this case the
partite sets E and O of M2k are the even integers and the odd integers in {0, 1, . . . , 2k − 1}. We are able to construct an
α-labeling ofM2k by means of two direct constructions where we distinguish the two cases k ≡ 1 or 3 (mod 4).
Case 1: k ≡ 1 (mod 4), say k = 4t + 1.
Consider the map φ : [0, 2k− 1] → [1, 3k] defined as follows:
φ(2i) = i for i ∈ [0, k− 1];
φ(2i− 1) =

12t + 4− i for i ∈ [1, t] ∪ [2t + 1, 3t] ;
8t + 1− i for i ∈ [t + 1, 2t − 1] ∪ [3t + 1, 4t] ;
8t + 2 for i = 2t;
6t + 1 for i = 4t + 1.
We have:
• φ(E) = [0, 4t];
• φ([1, t] ∩ O) = [11t + 4, 12t + 3];
• φ([t + 1, 2t − 1] ∩ O) = [6t + 2, 7t];
• φ([2t + 1, 3t] ∩ O) = [9t + 4, 10t + 3];
• φ([3t + 1, 4t] ∩ O) = [4t + 1, 5t].
Finally, φ(4t − 1) = 8t + 2 and φ(8t + 1) = 6t + 1.
In this way we see that φ is injective and that maxφ(E) = 4t < 4t + 1 = minφ(O). Now set:
εi = φ(2i− 1)− φ(2i) and ε′i = φ(2i− 1)− φ(2i− 2) for i = 1, . . . , 4t + 1;
ρi = φ(2i− 1)− φ(2i− 1+ k) and ρ ′i = φ(2i+ k)− φ(2i) for i = 0, . . . , 2t.
It is clear that LE = {εi, ε′i | i ∈ [1, 4t + 1]} represents the list of labels induced by φ on the external edges of M2k and that
LR = {ρi, ρ ′i | i ∈ [0, 2t]} represents the list of labels induced by φ on its rungs.
Let us split [1, 4t + 1] into the disjoint sets I1 = [1, t], I2 = [t + 1, 2t − 1], I3 = [2t + 1, 3t], I4 = [3t + 1, 4t] and
I5 = {2t, 4t + 1}. It is easy to check that we have:
{εi, ε′i | i ∈ Ih} =

[10t + 4, 12t + 3] for h = 1;
[4t + 3, 6t] for h = 2;
[6t + 4, 8t + 3] for h = 3;
[1, 2t] for h = 4;
{6t + 2, 6t + 3, 6t + 1, 2t + 1} for h = 5.
Now partition [0, 2t] into the disjoint sets J1 = [0, t − 1], J2 = [t, 2t − 1] and J3 = {2t}. Also here it is easy to check that
we have:
{ρi, ρ ′i | i ∈ Jh} =
{[8t + 4, 10t + 3] for h = 1;
[2t + 2, 4t] for h = 2;
{4t + 1, 4t + 2} for h = 3.
The above equalities show that LE and LR cover, together, the whole interval [1, 3k] = [1, 12t + 3] so that we can finally
claim that φ is an α-labeling ofM2k.
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Fig. 4. M18 andM14 .
Case 2: k ≡ 3 (mod 4), say k = 4t + 3.
Let φ : [0, 2k− 1] → [1, 3k] be defined as follows:
φ(2i) = i for i ∈ [0, k− 1];
φ(2i+ 1) =
{3k− i for i ∈ [0, t] ;
3k− 2− i for i ∈ [2t + 1, 3t + 1] ;
2k− 1− i for i ∈ [t + 1, 2t] ∪ [3t + 2, 4t + 2].
Also here, reasoning as in the first case, it is easy to see that φ is an α-labeling ofM2k. The assertion then follows. 
The two figures in Fig. 4 show the α-labelings ofM2k provided by the previous theorem in the cases of k = 9 and k = 7.
Nowwe propose a new proof of the gracefulness ofM2k when k is even. Consider that Gallian’s proof needs a construction
ad hoc for each k < 16 while for k > 16 it breaks up into three cases depending on the congruence class of k/2 modulo 3.
We do not need to distinguish all these cases and hence our proof below may be considered a little bit simpler.
Theorem 2.2. The Moebius ladder M2k is graceful for any k.
Proof. Of course we have to consider only the case of k even in view of Theorem 2.1. Here we prefer to seeM2k as the graph
obtained from the ladder L2k = P2× Pk as illustrated in the introduction. Consider the mapψ : [0, 1]× [0, k−1] → [1, 3k]
defined as follows:
ψ(0, 0) = 0, ψ(1, 0) = 3k, and, for j > 0 :
ψ(i, j) =

3
⌊
j
2
⌋
− (−1)i if i+ j is even;
3
(
k−
⌈
j
2
⌉)
+ (−1)i otherwise.
More explicitly, for j > 0, we have:
ψ(0, 2j) = 3j− 1; ψ(1, 2j) = 3(k− j)− 1;
also, for j ≥ 0 we have:
ψ(0, 2j+ 1) = 3(k− j)− 2; ψ(1, 2j+ 1) = 3j+ 1.
Now, let φ be the map obtained from ψ by exchanging ψ(0, j) with ψ(1, j) for every j ≥ k2 . It is easy to check that φ is a
graceful labeling ofM2k. 
In Fig. 5 we show the graceful labeling ofM20 provided by the above theorem.
Remark 2.3. A slight modification of the labeling φ of Theorem 2.2 gives a graceful labeling φ′ of the prism T2k: it suffices
to exchange φ(0, k2 ) with φ(1,
k
2 ). In other words φ
′ can be obtained from ψ by exchanging ψ(0, j) with ψ(1, j) for every
j > k2 rather than j ≥ k2 .
In Fig. 6 we show the graceful labeling of T20 obtainable using the above remark.
As a consequence of the previous results we can state:
Theorem 2.4. There exists a cyclic M4n+2-system of order (12n+ 6)t + 1 for every pair of positive integers n and t.
There exists a cyclic M2k-system of order 6k+ 1 for every k.
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Fig. 5. M20 .
Fig. 6. T20 .
3. CyclicM2k-systems of prime order
To solve the existence problem for a cyclicM2k-system of K6kt+1 with k even seems to be quite difficult in general. In fact,
the gracefulness ofM2k guarantees that the problem admits a solution only when t = 1.
In this section we are able to say something aboutM2k-systems of order a prime p ≡ 1 (mod 6k).
For this purpose it is useful to recall the following general result that is a special case of Theorem 3.1 in [7].
Theorem 3.1. Given a simple graph Γ and an integer v ≡ 1 (mod 2|E(Γ )|), there exists a cyclic Γ -system of order v if and
only if there exists a set F of copies of Γ with vertices in Zv such that the list ∆F of all possible differences x− y with (x, y) an
ordered pair of adjacent vertices of some graph in F covers every non-zero element of Zv exactly once.
A set F as in the above theorem is said to be a (v,Γ , 1) difference family.
In [8] it has been proved that such a difference family exists whenever v is a prime sufficiently large. Specializing that
theorem to the casewhereΓ is theMoebius ladderM2kwe can state that there exists a cyclicM2k-system of order p for every
prime p ≡ 1 (mod 6k) greater than 38k6. Needless to say that such a bound is quite huge and hence not useful in practice.
On the other hand, exploiting the nice structure of the graphM2k it is possible to get a smaller lower bound. In particular, we
will be able to prove that if k ≡ 2 (mod 4), then there exists a cyclicM2k-system of order p for every prime p ≡ 1(mod 6k).
In the following, given a prime power q ≡ 1 (mod m), we denote by Cm the multiplicative group of mth powers of the
finite field Fq and by Cm0 , C
m
1 , . . ., C
m
m−1 the cosets of Cm in Fq − {0}.
The algebraic result below was obtained in [8] and it is a consequence of the Theorem of Weil on multiplicative character
sums (see [16], Theorem 5.41).
Theorem 3.2. Let q ≡ 1 (mod m) be a prime power, let B = {b1, . . . , bt} be a t-subset of Fq, and let (β1, . . . , βt) be an
element of Ztm. Then the set X = {x ∈ Fq : x − bi ∈ Cmβi for i = 1, . . . , t} is not empty as soon as q > Q (m, t) :=
1
4
(
U +√U2 + 4mt−1t
)2
where U =
t∑
h=1
( t
h
)
(m− 1)h(h− 1).
We are going to present a construction whose idea is quite similar to that used in [10] for getting cyclic i-perfect k-cycle
systems of prime order and in [2] for getting elementary abelian cycle systems.
Theorem 3.3. Let p ≡ 1 (mod 2e3k) be a prime with e ≥ 1 and k odd. Let ε be a primitive kth root of unity of Zp and for any
given 2e-tuple A = (a0, a1, . . . , a2e−1) of elements of Zp − {0}, let L(A) be the list defined by
L(A) = {ai+1 − ai|0 ≤ i ≤ 2e − 2} ∪ {a2e−1 − εa0} ∪ {a2e−1+i − ε(k+1)/2ai|0 ≤ i ≤ 2e−1 − 1}.
Assume that there exists a 2e-tuple A satisfying the following conditions
• A is a set of distinct representatives for the cosets of the group 〈ε〉 of kth roots of unity in the multiplicative group of Zp;
• L(A) is a complete system of representatives for the cosets of the group C2e−13 of 2e−13th powers in the multiplicative group
of Zp.
Then there exists a cyclic M2ek-system of order p.
A. Pasotti / Discrete Mathematics 310 (2010) 3080–3087 3085
Proof. LetM be the Moebius ladder obtained from the 2ek-cycle
B = (a0, a1, . . . , a2e−1, εa0, εa1, . . . , εa2e−1, . . . , εk−1a0, εk−1a1, . . . , εk−1a2e−1)
by adding its 2e−1k diameters. More formally, B = (b0, b1, . . . , b2ek−1) with bi = εqar where q and r are quotient and
remainder of the Euclidean division of i by 2e. Note that B is actually a cycle (its 2ek vertices are pairwise distinct) in view of
the first hypothesis. It is not difficult to see that we have
∆M = 〈−ε〉 · L(A)
where 〈−ε〉 is the group of 2kth roots of unity mod p. If S is a complete system of representatives for the cosets of 〈−ε〉 in
C2
e−13, the previous identity and the second hypothesis give (∆M) · S = Zp − {0}. On the other hand (∆M) · S is the list
of differences of the collection F = {s · M | s ∈ S} where s · M denotes the Moebius ladder obtained from M by replacing
each vertex x ∈ V (M) with s · x. It follows that F is a (p,M2ek, 1) difference family and hence the assertion follows from
Theorem 3.1. 
Example. Suppose we want to construct a cyclicM40-system of order 241 using the previous theorem. In this case we have
e = 3 and k = 5 and a primitive 5th root of unity of Z241 is ε = 91. Thus, considering that ε3 ≡ 205(mod 241), we have to
find an 8-tuple A = (a0, a1, . . . , a7) of elements of Z241 such that the list
L(A) = (a1 − a0, a2 − a1, a3 − a2, a4 − a3, a5 − a4, a6 − a5, a7 − a6,
a7 − 91a0, a4 − 205a0, a5 − 205a1, a6 − 205a2, a7 − 205a3)
is a complete system for the 12th powers in Z241. An 8-tuple satisfying this requirement is given by A = (1, 2,
4, 8, 21, 31, 34, 39). In fact, in this case, we have
L(A) = {1, 2, 4, 13, 10, 3, 5, 187, 57, 103, 178, 86}.
So, if we take the primitive root r = 7, it is easy to see that we can write the set L(A) in the following way
L(A) = {r0, r12·15+10, r12·11+8, r12·3+11, r12·7+4, r12·15+2, r12·11+6, r12·5+7, r12·2+3, r12·5+9, r5, r12·14+1}.
Now it obvious that L(A) is a complete system for the 12th powers in Z241.
Of course the degree of difficulty of applying the above construction increases with e. In general, to find a 2e-tuple A
satisfying the conditions prescribed by the theorem is not easy when e is ‘‘big’’. On the other hand it is possible to see that
an iterated use of Theorem 3.2 guarantees its existence for p > Q (2e−13, 4). This is again a very huge bound for e ≥ 3 but
not so much for e = 2 as we will see in the next Theorem 3.4. Note that in the case of e = 1 the construction says nothing
new about existence theorem since we already know that there exists a cyclic M4n+2-system of order v for every integer
(not necessarily a prime!) v ≡ 1 (mod 12n + 6). Consider, however, that the automorphism group of an M4n+2-system of
order a prime p ≡ 1 (mod 12n+ 6) obtainable by applying Theorem 3.3 is, in general, richer than the automorphism group
of an M4n+2-system of the same order p simply generated by an α-labeling of M4n+2. In fact, among the automorphisms
of the former system we have the multiplication by ε which in general the latter system does not have. Also note that if
p = (12n + 6)t + 1 with gcd(4n + 2, t) = 1, in the construction we can take as S the subgroup of order t of Zp − {0}. In
this case the resultingM4n+2-system has an automorphism group that is sharply transitive on the blocks. This is the group
of all affine transformations τs,a : x ∈ Zp −→ s · x+ a ∈ Zp with (s, a) ∈ S × Zp.
Now we give the main result of this section.
Theorem 3.4. There exists a cyclic M8n+4-system of order p for any prime p ≡ 1 (mod 24n+ 12).
Proof. Let p ≡ 1 (mod 24n+12) be a prime and let ε be a primitive (2n+1)th root of unity in Zp. Specializing Theorem 3.3
to the case where e = 2, the assertion is true whenever there exists a quadruple A = (a0, a1, a2, a3) of elements of Zp−{0}
satisfying the following conditions
• the elements of A lie in pairwise distinct cosets of 〈ε〉;
• {a1 − a0, a2 − a1, a3 − a2, a3 − εa0, a2 − εn+1a0, a3 − εn+1a1} is a complete system of representatives for the cosets of
the 6th powers in Zp.
We have checked by computer that such a quadruple exists whenever p does not exceed 107. Later, we will report the
computer results for p < 1000.
Now we show that such a quadruple also exists for p > 107.
Take, at pleasure, an element a0 in C60 . Then take an element a1 satisfying the following two conditions: a1 ∈ C61 and
a1 − a0 ∈ C60 . By Theorem 3.2 such an element a1 certainly exists since we have q > 107 > Q (6, 2).
Now take an element a2 satisfying the following three conditions: a2 ∈ C62 , a2 − a1 ∈ C61 , and a2 − εn+1a0 ∈ C62 . By
Theorem 3.2 such an element a2 certainly exists since we have q > 107 > Q (6, 3).
Finally, take an element a3 satisfying the following four conditions: a3 ∈ C63 , a3 − εa0 ∈ C63 , a3 − εn+1a1 ∈ C64 and
a3 − a2 ∈ C65 . Again, by Theorem 3.2 such an element a3 exists since we have q > 107 > Q (6, 4).
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Table 1
p 8n+ 4 ε {a, b, c, d}
73 12 8 {1, 9, 2, 6}
181 12 48 {1, 3, 8, 4}
181 20 59 {1, 2, 4, 8}
241 20 91 {1, 2, 9, 6}
313 52 103 {1, 2, 6, 8}
337 28 175 {1, 2, 7, 4}
397 12 362 {1, 2, 9, 7}
397 44 290 {1, 7, 3, 6}
409 68 5 {1, 4, 9, 18}
421 20 279 {1, 2, 4, 15}
421 28 370 {1, 2, 7, 5}
433 12 198 {1, 9, 2, 8}
433 36 150 {1, 4, 2, 9}
457 78 347 {1, 2, 9, 3}
541 12 129 {1, 4, 2, 9}
541 20 48 {1, 3, 4, 9}
541 36 15 {1, 3, 2, 5}
541 60 194 {1, 4, 3, 9}
577 12 363 {1, 3, 7, 4}
601 20 423 {1, 8, 2, 3}
601 100 128 {1, 3, 9, 40}
613 12 65 {1, 4, 6, 2}
613 68 586 {1, 2, 9, 5}
661 20 247 {1, 6, 4, 3}
661 44 634 {1, 2, 8, 16}
673 28 620 {1, 5, 8, 9}
757 12 27 {1, 4, 9, 2}
757 28 232 {1, 2, 9, 7}
757 36 3 {1, 2, 4, 26}
757 84 79 {1, 6, 2, 3}
829 12 125 {1, 5, 7, 6}
829 92 69 {1, 3, 9, 5}
937 12 614 {1, 3, 4, 9}
937 52 911 {1, 4, 9, 23}
It is then obvious that the quadruple A = (a0, a1, a2, a3) fulfills the required conditions. Note, in particular, that the
elements of A lie in pairwise distinct cosets of C6 and hence, having 〈ε〉 ⊂ C6, they also lie in pairwise distinct cosets of 〈ε〉.
The assertion then follows. 
Table 1 gives our computer results for constructing, via Theorem 3.4, a cyclic M8n+4-system of order a prime p < 1000
with n > 0.
4. Composition constructions
We recall that the chromatic number of a simple graph Γ , denoted by χ(Γ ), is the minimum number of colors that we
need for coloring the vertices of Γ in such a way that whenever two vertices are adjacent they have distinct colors. Observe
that the chromatic number ofM2k does not exceed three. In fact, to say that a graph is bipartite is equivalent to saying that
its chromatic number is two so that χ(M2k) = 2 when k is odd. Moreover, in the case of k even, if we consider, again, M2k
as the circulant graph C(2k, {1,−1, k}), we can realize a 3-vertex-coloring c ofM2k by putting c(i) = 1 for every even i < k
and every odd i between k and 2k − 2, c(i) = 2 for every odd i < k and every even i between k + 1 and 2k − 1, and
c(k) = c(2k− 1) = 3.
As a corollary of more general results, in [9] it was proved that if there exist cyclic Γ -systems of orders v and w with
v ≡ w ≡ 1 (mod 2|E(Γ )|) and χ(Γ ) not exceeding the smallest prime factor of w, then there exists a cyclic Γ -system of
order vw. So, considering that χ(M2k) ≤ 3, the iterated application of this result together with Theorems 2.4 and 3.4 allows
us to state:
Theorem 4.1. There exists a cyclic M2k-system of order (6k+ 1)h for every positive integer h.
There exists a cyclic M8n+4-system of order v for every v of the form v = (24n + 13)hp1p2, . . . , pt with h ≥ 0, t ≥ 0, and
each pi a prime≡ 1 (mod 24n+ 12).
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